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Graham Higman has proved that for sufliciently large n. the group A, is a 
homomorphic image of the triangle group 4(2, 3, I) where I= 7. Later, his result 
was generalized by proving it for all I> 7. In this paper we have shown that for 
sufficiently large n, the group A, is a homomorphic image of d(2, k, I) where 
I>5k-3 and k(>6) is even. i;‘ 1992 Academic Press, Inc 
1. INTRODUCTION 
The triangle groups have long received special attention. It is well-known 
now that the triangle group d(j, k, I) admits the presentation (x, y: xi= 
y“ = (xy)’ = 1). A great deal of information about these groups is available 
in [3] and subsequent works. It is known [S] that by adjoining an 
involution I, which inverts both x and y, the triangle group 6(2, k, I) 
can be extended to the group 4*(2, k, l) = (x, y, t : x2 = yk = t2 = (xz)* = 
(yt)* = (xv)‘= 1) and of course, 4(2, k, I) is of the index 2 in 4*(2, k, I). 
The extended triangle group A*(2, k, 1) has Gk,l.“’ = (x, y, t: x2 = yk = t2 = 
(xl)* = (yt)’ = (xy)‘= (xyt)” = 1) as its factor group. 
The groups GksLm are studied extensively by Coxeter in [3]. These 
groups are symmetric groups of the regular maps {k, 1},. If k and 1 are 
two points at a distance m apart along a Petrie path, then the map (k, I}, 
is constructed from the tessellation {k, /} of the hyperbolic plane by 
identifying these points. 
Coxeter [3] has shown that the triangle group A(j, k, I) is finite when 
(llj + l/k + l/Z) > 1 and infinite when (llj + l/k + l/1) 6 1. This means that 
the group A(2, k, 1) is finite whenever k < 3 and I< 6. Thus, the case when 
k = 3 and 1= 7 becomes a special one as these are the smallest values of k 
and 1 for which (l/2 + l/k + l/1) is negative, that is, the group A(2, k, I) is 
infinite. 
Many years ago Graham Higman proved (see [4] for reference) that for 
all but finitely many positive integers n, the alternating group A, is a 
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homomorphic image of 4(2, 3, 7). He was, in fact, interested in the 
subgroups of the triangle groups d(j, k, I). His proof, which he never 
published, uses coset diagrams and a method of joining the coset diagrams 
together in such a way as to get the appropriate permutation representa- 
tion of 4(2,3,7). Marston Conder ([l] and [2]) generalized Higman’s 
results by proving that for n >, 168, the group A, is a homomorphic image 
of 4(2, 3, I) where 12 7. 
In this paper, we have taken up the initial question of Higman that 
which subgroups of A(j, k, /) are isomorphic to A,,. Specifically, we have 
shown that for sufficiently large n, the group A,, is a homomorphic image 
of the group A(2, k, I) where k( 2 6) is even and 12 5k - 3. The proof has 
come out to be less complicated than it was generally believed. We have 
used two basic, and comparatively simple, coset diagrams and a method of 
joining them together (described by Stothers in [6]) to obtain a coset 
diagram of appropriate size and kind. 
2. COSET DIAGRAMS 
We define coset diagrams for an action of the extended triangle group 
A*(2, k, t) on a finite set or space in the following. 
A coset diagram with n vertices depicts a permutation representation of 
A*(2, k,Z) on n points. We denote it by D(n). The k-cycles of y are 
represented by k-gons whose vertices are permuted counter-clockwise by y. 
Any two vertices which are interchanged by x are joined by an edge. Since 
t* = (xt)* = (yt)* = 1, therefore the action of t is given by reflection about 
a vertical axis of symmetry. The fixed points of x are denoted by heavy 
dots. 
For instance, the following diagram depicts a transitive permutation 
representation of the group A*(2,4, 17) on 34 points: 
34 31 6 7 
16 9 12 
23 20 14 
10 11 
J 
26 22 21 18 17 13 
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Here, x acts as: (2 32) (31 28) (27 26) (22 21) (18 17) (13 10) (6 9) 
(4 5) (23 24) (15 16) (1) (3) (7) (8) (11) (12) (14) 
(19) (20) (25) (29) (30) (33) (34) 
yactsas: (1 2 3 4) (5 6 7 8) (9 10 11 12) (13 14 15 17) 
(18 19 20 21) (22 23 25 26) (27 28 29 30) 
(31 32 33 34) (16) (24) 
t acts as: (2 4) (5 32) (6 31) (8 33) (7 34) (9 28) (10 27) 
(12 29) (11 30) (16 24) (15 23) (14 25) (13 26) 
(17 22) (19 20) (18 21) (1) (3). 
In a coset diagram, depicting a permutation representation of the group 
4*(2, k, I), two vertices a, b are said to form an i-handle (a, b) if and only 
if a, b are both fixed by x and (xy)’ and t both map a to 6. For instance, 
in the preceding diagram the pair (11, 30) forms a j-handle. 
Any two coset diagrams for a group action can be joined together 
provided both contain the same type of handle. Suppose D(n) and D(m) 
are diagrams for the group A*(2, k, I), acting on sets of sizes n and m, and 
contain i-handles (a, b) and (a’, b’), respectively. We place the diagrams 
on a common vertical axis of symmetry, one above the other, and 
add two x-edges, one joining a to a’ and the second joining b to b’. 
The resulting diagram D(n + m) will be a diagram for the same group 
action. This is so because it is apparent from the resulting diagram 
that the relations x2 = y“ = t* = (xt)2 = (yt)* = 1 are still satisfied. Also, 
if (av2v3~~~u,~~v,-,u,) and (a’v~u~~~~v~~,v~~,v~) are cycles of xy in 
the representation of A*(2, k, I) depicted by D(n) and D(m), respec- 
tively, then in D(n +m) we observe that (aul,v; . ..u.+ Ivi+2v,+3 . ..u.) 
and (a’v2v,~~~vi+1v~+2u~+3...u~) are cycles of xv. Similarly, if 
(bv,u~~~~vi+,ui+Zvi+3~~v,) and (b’v~u~~~~v~.+,v~+,~~~u~) are cycles of 
xy in D(n) and D(m), then the cycles (b’uiv; ... vi+ ,vlf2 ...v[) and 
(b’v2v3~~~v,+,v;+2 ... v;) will be the cycles of xy in D(n + m). The rest of 
the cycles of xy will remain unchanged and so every vertex of D(n + m) is 
still fixed by (xy)‘. Thus, D(n + m) depicts an action of A*(2, k, I) on n + m 
points. 
3. THE RESULTS 
Henceforth, by k we shall mean an even positive integer which is greater 
than 4. 
Before we proceed further, we need to make the following observations 
about certain “fragments” which will appear in the two coset diagrams that 
we will need for the proof of our results. 
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Remarks. Let D(m) be a coset diagram for the group G = (x, y, t: 
x2 = yk = t2 = (~1)~ = (yt)’ = 1 > on m points. 











then a,xyt = a:+, and a:+, y x t = ai imply that for all i = 2, 3, . . . . k - 2, we 
get k - 3 transpositions (a,a:+ i) as part of the permutation for xyt. 
(ii) If D(m) contains the fragment F2: 
then a,xyt =a;+, and ~:+~xyt = ai imply that for all i= 3,4, . . . . k/2 we 
obtain (k - 4)/2 transpositions (a,ai + i) as part of the permutation for xyt. 
(iii) If D(m) contains the fragment Fj: 
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then aixyt = ai+ 1 and ai+ 1 xyt = ai imply that for all i = 3,4, . . . . (k/2) - 1 
we get (k - 6)/2 transpositions (a+~~+ 1 ). Since a,xvt = ai, for ilk/2, we 
obtain a single cycle, (u,,~), also. 
(iv) If the diagram D(m) contains the fragment F4: 
then mixyt = mi+ 1, where i = 1, 2, . . . . 4k -9 and rndk =m,, imply that the 
fragment F4 will generate a single cycle (m, m2 . . . mzk _ 1 mZkmZk + 1 . . . 
rndk- 1,,m4kp9m4k- *), of length 4k - 8, as part of the permutation for xyt. 
(v) If D(m) contains the fragment F5: 
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I . . . 
I 8 
a , I( a!L 
y 
2 a,+, 2 
QO 
2 
then since a,xyt = ai+ I and ai+ lxyt = ai for all i= 3,4, . . . . (k/2) - 1, we 
obtain (k - 6)/2 transpositions (a,~‘~+ 1). As u,,,,uyt = a;,,,,, 1 xyt = a, and 
u,xyt = uki2, we get also a cycle (uki2u& + , a,) as part of the permutation 
for xyt. 
After having developed the necessary mechanism, now we can prove the 
theorems. 
THEOREM 1. For all but finitely many values of n, the group A, is a 
homomorphic image of A(2, k, 1) where I = 5k - 3. 
Proof: Consider the following coset diagram which depicts a transitive 
permutation representation of A*(2, k, I) on 10k - 6 points: 
a7 
dt 
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The diagram D( 10k - 6) has eight k-gons which are symmetrical about 
the vertical axis passing through the vertices c, and f2. Let us label the 
k-gons by K,, K2, K3, K4, . . . . K,. The x-edges, joining the eight k-gons will 
be called the frame. The k-gons K,, K,, K, and K, each have k - 2 vertices 
outside the frame, whereas the k-gons K4 and K, have k - 2 vertices inside 
the frame and each has k - 3 fixed vertices of y as shown in the figure. (The 
vertices d, and dzt are the fixed points of x.) The pairs (d4, d4r) and 
(a,, a, t) form k + 1 and 3k - 1 handles respectively. 
The diagram D( 10k - 6) is composed of fragments F,, F2, F, and F4. 
The non-labelled vertices of K,, K,, K,, K,, K,, and K, evolve trans- 
positions in xyt, whereas the fragment F4 (comprising K4, K,, and K6) 
evolves a single cycle of length 4k - 8 in xyt. 
The permutation corresponding to xyt contains two cycles (e) and (i), 
two cycles (b,b,h,b,) and (d,d*d,d,), one cycle (c,c2c3cqc5cg), one cycle 
(a a a a a a a a ) by Remark (iv) one cycle of length 4k - 8, and 12345678~ 
because of Remarks (i), (ii), and (iii), 3k - 11 transpositions. Thus the 
permutation will have cyles of lengths 1, 2,4, 6, 8, and 4k - 8. The length 
of the permutation corresponding to xyt is, of course, 1’ + 2’3k ~ “I + 4* + 
6+8+(4k-8)=2+(6k-22)+8+6+8+(4k-8)=10k-6. 
Let us now consider another coset diagram representing an action of 
A*(2, k, I) on 10k - 5 points: 
In D( 10k - 5), the permutation for xyt contains one cycle (i’), one cycle 
(f; f; f ;) because of Remark (v), two cycles (Vi&b;&) and (d;d;d;dk), 
one cycle (c;c;c;c&c;cb), one cycle (u~a~u~u&e’u~u~u~u~), one cycle of 
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length 4k - 8 because of Remark (iv), and 3k - 12 transpositions by virtue 
of Remarks (i), (ii), (iii), and (v). Thus, the permutation will have cycles 
of lengths 1, 2, 3,4,6, 9, and 4k - 8. The length of the permutation corre- 
sponding to xyt will be, of course, 1 + 2’3k ~ 12) + 3 + 4* + 6 + 9 + (4k - 8) = 
1+(6k-24)+3+8+6+9+(4k-8)=10k-5. 
We take r > 0 copies of D( 10k - 6) and s > 0 copies of D( 10k - 5) and 
join them together through (k + l)- and (3k - 1)-handles, taking care that 
the last copy of D(lOk-6) is joined to the first copy of D( lOk- 5) by 
(3k - 1)-handle. The resulting diagram, due to the facts explained in the 
last paragraph of Section 2, will be of course a coset diagram for an action 
of 4*(2, k, 1) on n points where n= (lOk-6)r+ (lOk-5)s. Note that 
10k - 6 and 10k - 5 are relatively prime. 
We now claim that the representation of G is primitive. We have seen 
that the cycles of xyt in D( 10k - 6) are of lengths 1,2,4, 6, 8, and 4k - 8, 
whereas the cycles of xyt in D( 10k - 5) are of lengths 1,2, 3,4,6,9, and 
4k - 8. The composition of diagrams unites orbits of equal size except when 
we join D( 10k - 6) to D( 10k - 5) when it produces an orbit {aI, u2, a3, u4, 
a5? a6T a7y a8y 4, 4, a;, 4, e’, 4, 4, a;, a;} of size 17. The orbit 
(f;, f ;, f ;}, of size 3, is not affected by the composition. All this leads to 
the fact that some power of xyt acts on D(n) as this single cycle of prime 
length 17, fixing all other vertices. The cycle (a,, a,, u3, a4, a5, a6, a,, a,, 
4, 4, a;, al, e’, 4, 4, a;, a;) contains in particular the vertex a& of 
D( 10k - 5) which is mapped into another vertex, namely e’, of the cycle by 
x, y, and t. This means that it cannot be contained in a proper block of 
imprimitivity. 
We have thus far shown that the transitive action of 4*(2, k, I) is 
primitive, xyt contains a cycle of prime length p = 17 which fixes all other 
vertices, and n-p> 3. Thus we can now use Jordan’s theorem 
[7, Theorem 13.91 to conclude that if n > (lOk-6)(10k- 5), so that we 
can write n=(lOk-6)r+(lOk-5)s with r,s>O, A, or S, is a 
homomorphic image of A*(2, k, I). 
Since D( 10k - 6) has two vertices lying on the vertical line of symmetry, 
that is, c1 t = c1 and f2 t =f2, g is even in D( 10k - 6). Whereas t is odd in 
D( 10k - 5) because in this case c; t = c; , f h t =f ;, and f; t =f ;. Thus, in 
D(n), t is always odd. As A(2, k, I) is of index 2 in A*(2, k, 1) and k is even 
(so that x, y are both even) we conclude that A,, is a homomorphic image 
of A(2, k, I). 
THEOREM 2. For all but finitely many values of n, the group A,, is a 
homomorphic image of A(2, k, lo) where 1, > 1. 
Proof: We can modify the two preceding diagrams by inserting extra 
k-gons into the top line of the frame in such a way that each k-gon has 
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(k-2)/2 vertices outside and (k-2)/2 vertices inside the frame. With the 
addition of each k-gon on either side of the vertical axis of symmetry, we 
get k -4 extra transpositions and two extra cycles of length four in the 
permutation of xyt. In this way, the order of xy, which is 5k - 3, in the 
basic diagrams D( 10k - 6) and D( 10k - 5) will be replaced by any number 
I, B 1 with 1, = (k - 3) (mod k). The rest of the proof follows by adapting 
exactly the same procedure as used in the proof of Theorem 1. 
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